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EXPLICIT CONSTRUCTIONS OF THE NON-ABELIAN
p
3
-EXTENSIONS OVER Q
OZ BEN-SHIMOL
Abstrat. Let p be an odd prime. Let F/k be a yli extension of degree
p and of harateristi dierent from p. The expliit onstrutions of the non-
abelian p3-extensions over k, are indued by ertain elements in F (µp)
∗
. In
this paper we let k = Q and present suient onditions for these elements to
be suitable for the onstrutions. Polynomials for the non-abelian groups of
order 27 over Q are onstruted.
We desribe expliit realizations of those groups with exatly two ramied
primes, without onsider Sholz onditions.
1. Introdution
Let p be an odd prime. Let F/Q be a Cp-extension, K = Q(ζp), L = F (ζp) =
FK, where ζp is a xed p
th
root of unity. Let σ¯ be a generator for Gal(L/K).
The restrition σ = σ¯|F generates Gal(F/Q) ∼= Gal(L/K). Similarly, let τ¯ be a
generator for Gal(L/F ). The restrition τ = τ¯ |K generates Gal(K/Q) ∼= Gal(L/F ).
L/Q is yli of order p(p− 1), generated by σ¯τ¯ .
Let e be a primitive root modulo p. We have the multipliative homomorphisms
[4, p.130, Corollary 8.1.5℄{
Φ = ΦL/F : L
∗ → L∗
ΦL/F (x) = x
ep−2 τ¯xe
p−3 · · · τ¯p−2x, x ∈ L∗,
and its restrition ΦK/Q : K
∗ → K∗. Clearly, Φ ommutes with the norm:
NrL/K ΦL/F = ΦK/Q NrL/K .
Let Hp3 and Cp2 ⋊ Cp be the non-abelian groups of order p3. From the generi
onstrution of the non-abelian p3-extensions (over elds with harateristi dier-
ent from p), it follows that the elements x ∈ L∗ with Φ(NrL/K(x)) 6∈ L∗p indue
Hp3-extensions over Q, while the elements x ∈ L∗ with Φ(ζp NrL/K(x)) 6∈ L∗p in-
due Cp2 ⋊ Cp-extensions over Q, f. Theorem 4.1 and Theorem 4.2.
Arne Ledet, in [3℄,[4℄, and [5, pages 130-132℄, onstruts expliit extensions and
the orresponding polynomials over Q for these groups, when p = 3 or p = 5, and
L = Q(ζp2). He provides a suient ondition for an element x ∈ OL to satisfy
the above requirements, namely: NrL/Q(x) = q is an unramied prime in L (that
is, q 6= 3, q 6= 5, respetively). His argument for the suieny relies on unique
fatorization in OK .
Our goal is to generalize this idea for every p and for every Cp-extension F/Q the
onstrution starts with (in [4℄, the onstrution starts with a C3-extension inside
1991 Mathematis Subjet Classiation. 12F12; 11R18.
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Q9). More preisely, given a Cp-extension F/Q, we provide suient onditions for
an element x ∈ L∗ to satisfy Φ(NrL/K(x)) 6∈ L∗p forHp3 , and Φ(ζp NrL/K(x)) 6∈ L∗p
for Cp2⋊Cp. In setion 4 we explain the expliit onstrutions for those two groups,
and show that there are innitely many elements x ∈ L∗, suitable for both on-
strutions. In setion 5, we exhibit other polynomials for H27 and C9 ⋊C3 over Q.
The aim of Chapter 6 is to onstrut non-abelian p3-extensions with minimal
number of ramied primes. For dierent approahes we refer the reader to [8℄ and
[12℄.
2. Notation and Definitions
• The number ring of a given number eld N is denoted by ON .
• If E is a nite group and N/k is a Galois extension with Galois groupGal(N/k) ∼=
E, we then say that N/K is an E-extension, or that N is an E-extension over k.
Any polynomial f over k with splitting eld N is alled E-polynomial over k.
• A yli group of order m will denoted by Cm.
• As in the introdution: F/Q is a Cp-extension, K = Q(ζp) and L = FK  their
ompositum. Let σ¯ be a xed generator for Gal(L/K). Thus σ = σ¯|F generates
Gal(F/Q) ∼= Gal(L/K). Let τ¯ be a xed generator for Gal(L/F ). Thus τ = τ¯ |K
generates Gal(K/Q) ∼= Gal(L/F ).
• If e is a primitive root modulo p, then we have the homomorphism Φ dened in
the introdution.
• Let FL,FK be the multipliative groups onsisting of the frational ideals of
L,K, respetively. We have analogous homomorphisms:{
Φ˜L/F : FL → FL
Φ˜L/F (I) = I
ep−2 τ¯ Ie
p−3 · · · τ¯p−2I, I ∈ FL,
and its restrition {
Φ˜ = Φ˜K/Q : FK → FK
Φ˜K/Q(I) = Φ˜L/F (OLI) ∩K, I ∈ FK .
Clearly, NrL/K Φ˜L/F = Φ˜K/Q NrL/K . [remark: let I ∈ FL, then NrL/K(I) =
OK ∩ Iσ¯I · · · σ¯p−1I (see Marus [6℄ or Ribenboim [9℄)℄.
• Let x ∈ L∗ with NrL/Q(x) = ±ql11 · · · qlnn , n > 0, li ∈ Z − {0}, and the qi's are
distint rational primes. Then
OLx = J1(x) · · · Jn(x)J ′, Ji(x), J ′ ∈ FL
suh that
(a) NrL/Q(Ji(x)) = Zq
li
i .
(b) Any prime fator of Ji(x) in L divides qi.
In the sequel it an be assumed that J ′ = OL.
• For eah i we set Ii(x) := NrL/K(Ji(x)). Clearly, NrK/Q(Ii(x)) = Zqlii .
• If for some i, qi splits ompletely in K and Ii(x) = P β11 P β22 · · ·P βp−1p−1 , where the
Pj 's are the distint prime ideals in K lying above qi, then we dene χ(Ii(x)) to be
the integer
χ(Ii(x)) = e
p−2β1 + e
p−3βp−1 + . . . eβ3 + β2.
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3. The Main Results
Theorem 3.1. Let x ∈ L∗, NrL/Q(x) = ±ql11 · · · qlnn , n ≥ 0, li ∈ Z − {0}, qi a
prime. Then Φ(NrL/K(x)) does not generate a p
th
power (frational) ideal of L, if
and only if n > 0 and there exists an i suh that
(a) qi splits ompletely in L.
(b) p does not divide χ(Ii(x)).
Proof. We assume n > 0. Denote γ = NrL/K(x). Clearly, OKγ = I1(x) · · · In(x).
No prime fator of Ii(x) is onjugate to any prime fator of Ij(x) (i 6= j). It follows
that OLΦ(γ) ∈ FpL if and only if OLΦ˜(Ii(x)) ∈ FpL for every i = 1, . . . , n.
We x some i and set q = qi, l = li, J = Ji(x), I = Ii(x). Thus, J is a frational
ideal of L, I = NrL/K(J), and NrL/Q(J) = NrK/Q(I) = Zql.
We separate the rest of the proof into two ases.
Case 1: q does not split ompletely in L
Let g be the deomposition number of q in K/Q. Clearly, τgI = I. Now,
Φ˜(I) =
p−2∏
j=0
τ jIe
p−(j+2)
=
p−1
g∏
j=1
g−1∏
i=0
τ iIe
p−((j−1)g+i+2)
=
g−1∏
i=0
τ iISg(i),
where,
Sg(i) =
p−1
g∑
j=1
ep−((j−1)g+i+2) = ep−(i+2) · e
−(p−1) − 1
e−g − 1 .
We see that if q does not split ompletely in K then Sg(i) ≡ 0 mod p for all
i = 0, . . . g − 1. Therefore, if q does not split ompletely in K then Φ˜(I) ∈ FpK .
Suppose that q splits ompletely in K. If q is ramied in F then q ≡ 1 mod p
and any prime ideal P in K lying above q is then totally ramied in L, equivalently,
OLP ∈ FpL, hene OLI ∈ FpL.
Finally, suppose that q is inert in F . Then any prime in K lying above q is inert
in L. Hene, σ¯J = J , thus OLI = Jp ∈ FpL.
We onlude that if q does not split ompletely in L, then OLΦ˜(I) ∈ FpL.
Case 2: q splits ompletely in L
Suppose that q splits ompletely in L, and let OKq = P1 . . . Pp−1 be the prime
deomposition of q in K. τ , as a permutation ating on the (p − 1)-set onsisting
of the Pj 's, is the (p − 1)-yle (P1, . . . , Pp−1) (say). We shall denote by τˇ the
orresponding (p− 1)-yle in the symmetri group; τˇ = (1, . . . , p− 1). Now, if
I = P β11 P
β2
2 · · ·P βp−1p−1 ,
then
(1) Φ˜(I) =
p−1∏
j=1
Φ(Pj)
βj =
p−1∏
j=1
p−2∏
k=0
τ¯kP
e(p−(k+2))βj
j =
p−1∏
j=1
P
χj(I)
j ,
where,
χj(I) =
p−2∑
k=0
e(p−(k+2))βτˇ−k(j), j = 1, . . . , p− 1.
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Clearly, the primes Pj split ompletely in L, hene, OLΦ˜(I) ∈ FpL if and only if
Φ˜(I) ∈ FpK . Also, Φ˜(I) ∈ FpK if and only if χj(I) ≡ 0 mod p for all j = 1, . . . , p−1.
Note that χj+1(I) ≡ e · χj(I) mod p for all j. Therefore, if p divides some χj(I),
then p must divides χ1(I), . . . , χp−1(I) . Sine we onsider the χj(I)'s modulo p,
we take j = 1 and write χ(I) instead of χ1(I). We onlude that OLΦ˜(I) ∈ FpL if
and only if p divides χ(I), as required.
If n = 0 then the assertion is lear. 
Corollary 3.2. Let x ∈ L∗, NrL/Q(x) = ±ql11 · · · qlnn , n ≥ 1, li ∈ Z − {0}, qi a
prime. Suppose that there exists an i suh that qi splits ompletely in L and p does
not divide χ(Ii(x)). Then Φ(NrL/K(x)),Φ(ζp NrL/K(x)) 6∈ L∗p. 
Let x ∈ L∗ whih satises ondition (a) of Theorem 3.1. Let qi be a prime
whih splits ompletely in L with NrK/Q(Ii(x)) = Zq
li
i . If P is a prime ideal in K
lying above qi then NrK/Q(P ) = Zqi (sine qi splits ompletely in K). Therefore,
if Ii(x) = P
β1
1 P
β2
2 · · ·P βp−1p−1 , where the Pj 's are the distint prime ideals in K lying
above qi, then
Zqlii = NrK/Q(Ii(x)) =
p−1∏
j=1
NrK/Q P
βj
j = Zq
β1+...βp−1
i .
Thus,
(2) β1 + . . .+ βp−1 = li.
It follows immediately that if Ii(x) is of the form Ii(x) = P
l
(for some prime ideal
P in K lying above qi and for some l ∈ Z − {0}), then p divides χ(Ii(x)) if and
only if p divides l. We have
Corollary 3.3. Let x ∈ L∗, NrL/Q(x) = ±ql11 · · · qlnn , n ≥ 1, li ∈ Z − {0},
qi a prime. Suppose that there exists an i suh that qi splits ompletely in L
and Ii(x) = P
li
, where P is a prime ideal of OK , p does not divide li. Then
Φ(NrL/K(x)),Φ(ζp NrL/K(x)) 6∈ L∗p. 
Let H(L) be the Hilbert lass eld over L (see [6, Chapter 8℄), and let q be a
rational prime whih splits ompletely in H(L). Then any prime ideal of L lying
above q is prinipal in L.
Corollary 3.4. There are innitely many elements x ∈ L∗ suh that
1. Φ(NrL/K(x)) 6∈ L∗p, and
2. Φ(ζp NrL/K(x)) 6∈ L∗p.
Proof. By Chebotarev's Density Theorem, there are innitely many rational primes
whih split ompletely in H(L). If q is suh a prime, let Q be a prime ideal in L
lying above q. So Q = OLx for some x ∈ OL. Clearly, NrL/Q(x) = q. The assertion
then follows from Corollary 3.3. 
3.1. Examples. We shall illustrate the above results on Cp-extensions F/Q of type
(S1) [11, Chap. 2℄. For that purpose we prove the following lemma.
Lemma 3.5. Let r be a rational prime, r ≡ 1 mod k, k ∈ N. Let m = m(r) be a
primitive root modulo r. Consider the sum
(3) δk(r) = ζr + ζ
mk
r + ζ
m2k
r + . . .+ ζ
m(
r−1
k
−1)k
r .
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Then Q(δk(r))/Q is a Ck-extension.
Proof. Gal(Q(ζr)/Q) is yli of order r − 1, generated by the automorphism
σ : ζr 7→ ζmr . By the Fundamental Theorem of Galois Theory, it is enough to
prove Q(δk(r)) = Q(ζr)σ
k
. The inlusion Q(δk(r)) ⊆ Q(ζr)σk is beause σk moves
ylially the summands of (3) (an alternative argument: δk(r) is the image of ζr un-
der the trae map Tr
Q(ζr)/Q(ζr)σ
k ). Suppose that Q(δk(r)) $ Q(ζr)σ
k
. There exist a
proper divisor d of k suh thatQ(δk(r)) = Q(ζr)σ
d
. In partiular, σd(δk(r)) = δk(r),
or
(4)
r−1
k
−1∑
j=0
ζm
jk+d
r −
r−1
k
−1∑
j=0
ζm
jk
r = 0.
The summands in (4) are distint. For if ζm
jk+d
r = ζ
mik
r for some i, j = 0, 1, . . . ,
r−1
k −
1, j ≥ i, then m(j−i)k+d ≡ 1( mod r). m is primitive modulo r so r − 1 divides
(j− i)k+d. But, (j− i)k+d < ( r−1k −1)k+k = r−1, a ontradition. To this end,
there are 2(r− 1)/k (≤ r− 1) summands, and dividing eah of them by ζr gives us
a linear dependene among 1, ζr, ζ
2
r , . . . , ζ
r−2
r , a ontradition. Q(δk(r)) = Q(ζr)
σk
,
as required. 
Example 3.6. p = 3, r = 7, m(r) = 3. δ3(7) = ζ7 + ζ
−1
7 . F/Q = Q(δ3(7))/Q.
Thus, L/K = Q(ζ3, δ3(7))/Q(ζ3) is a C3-extension, generated by σ¯ : ζ7 7→ ζ27 ,
ζ3 7→ ζ3. Let x = δ3(7) + ζ3. γ = NrL/K(x) = 3− ζ3, NrL/Q(x) = NrK/Q(γ) = 13
(τ : ζ3 7→ ζ−13 ). 13 splits ompletely in L. By Corollary 3.3, Φ(γ), ζ3Φ(γ) 6∈ L∗3.
Example 3.7. p = 3, r = 19, m(r) = 2.
δ3(19) = ζ19 + ζ
−1
19 + ζ
7
19 + ζ
−7
19 + ζ
8
19 + ζ
−8
19 .
F/Q = Q(δ3(19))/Q. Thus, L/K = Q(ζ3, δ3(19))/Q(ζ3) is a C3-extension, gener-
ated by σ¯ : ζ19 7→ ζ619, ζ3 7→ ζ3. Let x = δ3(19) + ζ3 + 1. γ = NrL/K(x) = −7ζ3,
NrL/Q(x) = NrK/Q(γ) = 7
2
and 7 splits ompletely in L. However, Φ(γ) generates
a third power ideal in OK although Φ(γ) and ζ3Φ(γ) are not third power elements
in L∗. Therefore, Theorem 3.1, whih is an ideal-theoreti riterion, is failed while
testing this x. On the other hand, it tells us something about the prime fator-
ization of OLx in L: Sine x satises ondition (a) of this theorem and does not
satisfy ondition (b), we have
χ(I1(x)) = 2β1 + β2 ≡ 0 mod 3.
Also, by equation (2) we have β1 + β2 = 2. Hene, β1 = β2 = 1, thus I = OK7.
OLx is therefore a produt of two distint primes of OL, eah of them has norm 7
over Q.
Example 3.8. p = 3, r = 73, m(r) = 5. (Remark: OK = Z[ζ73] is not a unique
fatorization domain). F/Q = Q(δ3(73))/Q. Thus, L/K = Q(ζ3, δ3(73))/Q(ζ3) is
a C3-extension, generated by σ¯ : ζ73 7→ ζ2473 , ζ3 7→ ζ3. Let x = δ3(73) − ζ3 + 1.
γ = NrL/K(x) = 21ζ3, NrL/Q(x) = NrK/Q(γ) = 3
272. Thus, Φ(γ) = 213ζ3 6∈ L∗3.
Example 3.9. p = 5, r = 11,m(r) = 2. δ5(11) = ζ11+ζ
−1
11 . F/Q = Q(δ5(11))/Q.
Thus, L/K = Q(ζ5, δ5(11))/Q(ζ5) is a C5-extension, generated by σ¯ : ζ11 7→ ζ211,
ζ5 7→ ζ5. Let x = δ5(11)− ζ5. γ = NrL/K(x), NrL/Q(x) = NrK/Q(γ) = 991 (991 is
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a rational prime). 991 splits ompletely in L, hene Φ(γ) does not generate a fth
power ideal of OL.
4. Expliit Construtions of the non-Abelian p3-Extensions
4.1. Let N/k be a Galois extension with Galois group G = Gal(N/k). Let pi :
E ։ G be an epimorphism of a given nite group E onto G. The Galois theoretial
embedding problem is to nd a pair (T/k, ϕ) onsisting of a Galois extension T/k
whih ontains N/k, and an isomorphism ϕ : Gal(T/k) → E suh that pi ◦ ϕ =
ResT/N , where ResT/N : Gal(T/k) ։ G is the restrition map. We say that the
embedding problem is given by N/k and pi : E ։ G. If suh a pair (T/k, ϕ) does
exist, we say that the embedding problem is solvable. T is alled a solution eld, and
ϕ is alled a solution isomorphism. A := kerpi is alled the kernel of the embedding
problem. If A is yli of order m, the harateristi of k does not divide m, and N∗
ontains µm (the multipliative group onsisting of the m
th
roots of unity), then
the embedding problem is of Brauer type (see [4℄).
If ϕ is required only to be a monomorphism, we say that the embedding problem
is weakly solvable. In that ase, the pair (T/k, ϕ) is alled an improper solution
(or a weak solution). An improper solution an also be interpret in terms of Galois
algebra ([1℄, [3℄ Chapter 4). The monograph [2℄ treats the embedding problem from
this point of view. In the ases disussed in this paper, any improper solution will
automatially be a solution; the kernel A will be ontained in the Frattini subgroup
of E (see [2℄, Chapter.6, Corollary 5).
The onstrutive approah to embedding problems is to desribe expliitly the
solution eld T (in ase it exists). We shall onsider a series of embedding problems,
in eah T/N will be a Cp-extension, and the goal is to exhibit an expliit primitive
element of T over N (See also [7℄ for further details). In pratie, given a set of
generators γ1, . . . , γd for G, we must extend them to k-automorphisms γ¯1, . . . , γ¯d
of a larger eld T , with ommon xed eld k. T/k is then a Galois extension
generated by γ¯1, . . . , γ¯d, γ¯d+1, . . . , γ¯c, where γ¯d+1, . . . , γ¯c generate Gal(T/N). The
extensions should be onstruted in suh a way that the γ¯i's behave as a given set
of c generators for E. T is then a solution eld, and the isomorphism whih takes
eah γ¯i to the orresponding generator of E is a solution isomorphism.
4.2. Let N be a eld of harateristi dierent from p. µp ⊆ N∗, and let a ∈
N∗ \ N∗p. Then N( p√a)/N is a Cp-extension. A generator for Gal(N( p
√
a)/N) is
given by
p
√
a 7→ ζp p
√
a. The only elements θ ∈ N( p√a) with the property: θp ∈ N ,
are those of the form z( p
√
a)j for some z ∈ N , j = 0, 1, . . . , p− 1.
Suppose further that N/k is a Galois extension, then N( p
√
a)/k is a Galois ex-
tension if and only if, for eah γ ∈ Gal(N/k), there exist iγ ∈ Z \ pZ suh that
γa/aiγ ∈ N∗p.
4.3. Let E be a non-abelian group of order p3. Up to isomorphism, E is neessarily
one of the following two groups:
1. The Heisenberg group:
Hp3 = 〈 u, v, w : up = vp = wp = 1, wu = uw, wv = vw, vu = uvw 〉.
In other words, Hp3 is generated by two elements u, v of order p, suh that their
ommutator w is entral. It an be realized as the subgroup of GL3(Z/Zp) onsist-
ing of upper triangular matries with 1's in the diagonal.
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2. The semidiret produt:
Cp2 ⋊ Cp = 〈 u, v : up
2
= vp = 1, vu = up+1v 〉.
For the lassiation of the non-abelian groups of order p3, see [10, page 67℄.
4.4. The aim of the following Theorem 4.1 (resp. Theorem 4.2) is to desribe how
Hp3-extensions (resp. Cp2 ⋊ Cp-extensions) are onstruted over Q, starting with
elements x ∈ L∗ with Φ(NrL/K(x)) 6∈ L∗p (resp. Φ(ζp NrL/K(x)) 6∈ L∗p). These
onstrutions are essentially known  they an be obtained as private ases of [4,
Theorem 2.4.1 and Corollary 8.1.5℄. We give a diret and self ontained proof,
onsistent with our notation and with subsetion 4.1.
Theorem 4.1 (The ase E = Hp3).
Let x ∈ L∗ suh that b = b(x) = Φ(NrL/K(x)) 6∈ L∗p. Then G = Gal(L( p
√
b)/K) ∼=
Cp × Cp, generated by σ¯ and η, where, σ¯ : p
√
b 7→ p√b, η : p√b 7→ ζp p
√
b, σ¯|L = σ¯,
η|L = idL. Moreover, the (Brauer type) embedding problem given by L( p
√
b)/K and
pi : E ։ G is solvable, where pi : u 7→ σ¯, v 7→ η; a solution eld is M = L( p√ω, p√b),
ω = Φ(β), β = xp−1σ¯xp−2 . . . σ¯p−2x.
Sine ω ∈ Φ(L∗), M/Q is a Galois extension with Gal(Mκ/Q) ∼= E, where κ is
the extension of τ¯ to M , given by κ : p
√
ω 7→ β(1−ep−1)/p ( p√ω)e, and Mκ = F (α),
α = p
√
ω+ κ p
√
ω+ . . .+ κp−2 p
√
ω. Finally, F (α) is the splitting eld of the minimal
polynomial for α over Q.
M = L( p
√
ω,
p
√
b)
p
p−1
nn
nn
nn
nn
nn
nn
n
·OO
E

·OO
E

Mκ = F (α)
p2
L( p
√
b)
p
L
p−1
ll
ll
ll
ll
ll
ll
ll
ll
l
p
NN
NN
NN
NN
NN
NN
N
F
p
RR
RR
RR
RR
RR
RR
RR
RR
R K
p−1
pp
pp
pp
pp
pp
pp
p
·
· Q
Proof. Sine σ¯b = b, L( p
√
b)/K is a Galois extension. We extend σ¯ toGal(L( p
√
b)/K)
by σ¯( p
√
b) = p
√
b. η generates Gal(L( p
√
b)/L), and σ¯ generates Gal(L/K). It
follows that Gal(L(
p
√
b)/K) is generated by σ¯ and η. Clearly, σ¯η = ησ¯ and
σ¯p = ηp = idL( p
√
b), thus, L(
p
√
b)/K is a Cp × Cp-extension [L( p
√
b) is a Kum-
mer extension of K of exponent p℄.
η(ω) = ω and,
(5)
σ¯(ω)
ω
=
σ¯(Φ(β))
Φ(β)
=
Φ(NrL/K(x))
Φ(x)p
=
(
p
√
b
Φ(x)
)p
∈ L( p
√
b)∗
p
,
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thus, M/K is a Galois extension. We extend σ¯ and η to σ˜, η˜ ∈ Gal(M/K) by
(6) σ˜( p
√
ω) =
p
√
b
Φ(x)
p
√
ω, η˜( p
√
ω) = ζp
p
√
ω,
respetively. Note that M/L( p
√
b) is a Cp-extension. For if ω ∈ L( p
√
b)∗
p
then
ω = zpbj for some z ∈ L, j = 0, 1, . . . p − 1. From (5) it follows that b =
(Φ(x)(σ¯(z)/z))p ∈ L∗p - a ontradition.
Gal(M/K) is then generated by σ˜, η˜ and λ˜, where λ˜( p
√
ω) = ζp p
√
ω - a generator
for Gal(M/L( p
√
b)). Clearly, η˜ and λ˜ is of order p, and sine
σ˜
p( p
√
ω) =
b
Φ(x)σ¯(Φ(x)) · · · σ¯p−1(Φ(x))
p
√
ω =
b
NrL/K(Φ(x))
p
√
ω =
b
Φ(NrL/K(x))
p
√
ω = p
√
ω,
σ˜ is of order p. λ˜ ommutes with both σ˜ and η˜, and the relation η˜σ˜ = σ˜η˜λ˜ holds.
Therefore, the group isomorphism ϕ : Gal(M/K) ∼= Hp3 , sending σ˜ 7→ u, η˜ 7→ v,
λ˜ 7→ w, is a solution isomorphism for the given embedding problem.
Now,
τ¯Φ(x)
Φ(x)e
= Φ
( τ¯x
xe
)
=
τ¯xe
p−2
xep−1
· τ¯
2xe
p−3
τ¯xep−2
· · · τ¯
p−2xe
τ¯p−3xe2
· x
τ¯p−2xe
= x1−e
p−1
,
hene,
τ¯ω
ωe
=
τ¯Φ
(
xp−1σ¯xp−2 · · · σ¯p−2x)
Φ (xp−1σ¯xp−2 · · · σ¯p−2x)e =
(
τ¯Φ(x)
Φ(x)e
)p−1
σ¯
(
τ¯Φ(x)
Φ(x)e
)p−2
· · · σ¯p−2
(
τ¯Φ(x)
Φ(x)e
)
= (xp−1σ¯xp−2 · · · σ¯p−2x)1−ep−1 =
(
β
1−ep−1
p
)p
∈ L∗p,
and
τ¯ b
be
=
τ¯Φ(NrL/K(x))
Φ(NrL/K(x))e
= NrL/K
(
τ¯Φ(x)
Φ(x)e
)
=
(
NrL/K(x)
1−ep−1
p
)p
∈ L∗p.
Thus, M/Q is a Galois extension. We extend τ¯ to κ ∈ Gal(M/Q) by
κ( p
√
ω) = β(1−e
p−1)/p
(
p
√
ω
)e
, κ(
p
√
b) = NrL/K(x)
(1−ep−1)/p(
p
√
b)e.
Sine κ is an extension of τ to M , Gal(M/Q) is generated by σ˜,η˜,λ˜, and κ. It
is easy to verify that κ is entral and has order p − 1 [while doing it, we take
τ : ζp 7→ ζep . Also, note that κ is the unique extension of τ¯ of order p−1℄. It follows
that Gal(M/Q) ∼= Hp3 × Cp−1 and Mκ/Q is Galois with Gal(Mκ/Q) ∼= Hp3 , as
required.
Clearly, F (α) ⊆Mκ. We have the short exat sequene
1 // Gal(M/F )
ı // Gal(M/Q) Res // Gal(F/Q) // 1,
It follows that Gal(M/F ) is generated by η˜,λ˜, and κ. Thus, F (α) = Mκ if and only
if η˜α 6= α and λ˜α 6= α. But η˜α = α or λ˜α = α imply linear dependene among the
elements
p
√
ω, p
√
ω
e
, . . . , p
√
ω
ep−2
over L, a ontradition.
To this end, Gal(F (α)/Q(α)) ∼= Gal(F/Q) ∼= Cp, and Q(α)/Q is not a normal
extension. Hene, F (α) is the splitting eld for Irr(α;Q). 
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Theorem 4.2 (The ase E = Cp2 ⋊ Cp).
Let x ∈ L∗ suh that b = b(x) = Φ(ζp NrL/K(x)) 6∈ L∗p. Then G = Gal(L( p
√
b)/K)
∼= Cp ×Cp, generated by σ¯ and η, where, σ¯ : p
√
b 7→ p
√
b, η : p
√
b 7→ ζp p
√
b, σ¯|L = σ¯,
η|L = idL. Moreover, the (Brauer type) embedding problem given by L( p
√
b)/K and
pi : E ։ G is solvable, where pi : u 7→ σ¯, v 7→ η; a solution eld is M = L( p√ω, p
√
b),
ω = Φ(β p
√
a), β = xp−1σ¯xp−2 . . . σ¯p−2x, L = K( p
√
a).
Sine ω ∈ Φ(L∗), M/Q is a Galois extension with Gal(Mκ/Q) ∼= E, where
κ is the extension of τ¯ to M , given by κ : p
√
ω 7→ (β p√a)(1−e
p−1)/p
( p
√
ω)
e
, and
Mκ = F (α), α = p
√
ω + κ p
√
ω + . . .+ κp−2 p
√
ω. Finally, F (α) is the splitting eld
of the minimal polynomial for α over Q.
Proof. A few hanges should be made in the proof of Theorem 4.1.
We an assume σ¯ : p
√
a 7→ ζp p
√
a. Next, ηω = ω and,
σ¯(ω)
ω
=
σ¯(Φ(β))
Φ(β)
· Φ
(
σ¯ p
√
a
p
√
a
)
=
Φ(ζp NrL/K(x))
Φ(x)p
=
(
p
√
b
Φ(x)
)p
∈ L( p
√
b)∗
p
,
thus, M/K is a Galois extension. We extend σ¯ and η to σ˜, η˜ ∈ Gal(M/K) as in
(6). Gal(M/K) is generated by σ˜, η˜ and λ˜, where λ˜( p
√
ω) = ζp p
√
ω - a generator for
Gal(M/L( p
√
b)). Clearly, η˜ is of order p. Now,
σ˜
p( p
√
ω) =
b
Φ(x)σ¯(Φ(x)) · · · σ¯p−1(Φ(x))
p
√
ω =
b
Φ(NrL/K(x))
p
√
ω = Φ(ζp) p
√
ω = ζ−e
p−2
p
p
√
ω.
Hene, σ˜ is of order p2 and λ˜ = σ˜p. Finally, the relation η˜σ˜ = σ˜p+1η˜ holds. It
follows that the group isomorphism ϕ : Gal(M/K) ∼= Cp2 ⋊ Cp, sending σ˜ 7→ u,
η˜ 7→ v, is a solution isomorphism for the given embedding problem.
τ¯ω
ωe
=
τ¯(Φ(β))
Φ(β)e
· τ¯ (Φ(
p
√
a))
Φ( p
√
a)e
=
„
(β p
√
a)
1−ep−1
p
«p
∈ L∗p , τ¯ b
be
=
„
NrL/K(x)
1−ep−1
p
«p
∈ L∗p.
Thus, M/Q is a Galois extension. We extend τ¯ to κ ∈ Gal(M/Q) by
κ( p
√
ω) = ( p
√
aβ)(1−e
p−1)/p
(
p
√
ω
)e
, κ(
p
√
b) = NrL/K(x)
(1−ep−1)/p(
p
√
b)e.
The rest remains exatly as in the previous ase. 
We end this setion with the following observations.
Theorem 4.3. (a) Suppose that L = Q(ζp2). Then x ∈ L∗ indues an Hp3-
extension if and only if it indues a Cp2 ⋊ Cp-extension (in the ways desribed in
Theorem 4.1 and Theorem 4.2).
(b) Suppose that L 6= Q(ζp2). If an element x ∈ L∗ does not indue an Hp3-
extension, it neessarily indues a Cp2 ⋊ Cp-extension.
() There are innitely many elements x ∈ L∗ whih indue both an Hp3-extension
and a Cp2 ⋊ Cp-extension.
Proof. (a) and (b) follow from Φ(ζp) = ζ
−ep−2
p . () follows from Corollary 3.4. 
5. Polynomials for the non-abelian groups of order 27
Following Ledet, we shall onstrut E-extensions and their polynomials over Q,
indued by the elements x we found in Example 3.6 and Example 3.7. We replae
the primitive root e = 2 with e = −1 - the homomorphism Φ does not depend
on e when we onsider it modulo 3 (it may not be the ase for higher primes).
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Clearly, κ 3
√
ω = 1/ 3
√
ω, thus τ¯ω = 1/ω, so ω + 1/ω ∈ F . Set X = 3√ω + 1/ 3√ω.
Then X3 − 3X = ω + 1/ω. Hene, if p(X) ∈ Q[X ] is the minimal polynomial for
ω + 1/ω over Q, then the splitting eld of p(X3 − 3X) over Q is F ( 3√ω + 1/ 3√ω),
i.e, p(X3 − 3X) is an E-polynomial over Q.
Example 5.1. Let x be as in Example 3.7. In order to get an H27-polynomial
over Q indued by this x, onsider ω = Φ(x2σ¯x). Using mathematial software
(Maple), we get the following H27-polynomial over Q:
p(X3 − 3X) = (X3 − 3X)3 − 3
4
72
(X3 − 3X)2 − 3 · 37
73
(X3 − 3X) + 1489
74
.
Example 5.2. Due to the presene of the radial
p
√
a, expliit extensions for the
Cp2 ⋊ Cp are more ompliated to desribe (unless L = Q(ζp2)).
Let x be as in Example 3.6. In order to get a C9⋊C3-polynomial over Q indued
by this x, onsider ω = Φ(x2σ¯x · 3√a), where L = K( 3√a). Denote δ = δ3(7) and
onsider the element
θ = 3δ2 + 3δ + 3ζ3δ + ζ3 − 4.
The minimal polynomial for δ over Q is X3 + X2 − 2X − 1, and σδ = δ2 − 2.
It follows that σ¯θ = ζ3θ. Therefore, we an take 3
√
a = θ. Using mathematial
software (Maple), we get the following C9 ⋊ C3-polynomial over Q:
p(X3− 3X) = (X3− 3X)3− 2 · 3
2 · 29
132
(X3− 3X)2− 3 · 5 · 373
133
(X3− 3X)+ 6791
133 · 7 .
6. Expliit Realizations with Exatly Two Ramified Primes
If N/k is an extension of number elds then Ram(N/k) denote the set of nonzero
prime ideals of k whih are ramied in N . The relative disriminant of N/k
is the ideal δN/k of Ok generated by the elements discrN/k(ε1, . . . , ε[N :k]), for all
possible bases {ε1, . . . , ε[N :k]} of N/k suh that eah εi ∈ ON . A well known
theorem of Dedekind [9, page 238℄ says that P ∈ Ram(N/k) if and only if P
divides δN/k. Suppose further that N = k(t) for some t ∈ ON . Then δN/k divides
the priniple ideal of Ok generated by discrN/k(1, t, . . . , t[N :k]−1) =
∏
i<j(ti − tj)2,
where t1 = t, t2, . . . , t[N :k] are the onjugates of t.
Lemma 6.1. Let k be a number eld, µp ⊂ k∗, c ∈ Ok, N/k = k( p
√
c)/k a Cp-
extension. If a nonzero prime ideal P of Ok is ramied in N then P is lying above
p or P divides Okc.
Proof. t = p
√
c is a root of the polynomial Xp − c ∈ Ok[X ]. Hene, t is integral
over k, thus t ∈ ON . The set of onjugates of t in N/k is {ζipt}p−1i=0 . Let fp(X) =
Xp−1 + . . .+X + 1 ∈ Z[X ] (the pth ylotomi polynomial). We have
discrN/k(1, t, . . . , t
p−1) =
p−1∏
i=0
p−1∏
j=i+1
(ζipt− ζjpt)2 =
tp(p−1) ·
p−1∏
j=1
(1 − ζjp)2 ·
p−1∏
i=1
p−1∏
j=i+1
(ζip − ζjp)2 =
cp−1 · fp(1)2 · discrQ(ζp)/Q(1, ζp, . . . , ζp−2p ) = (−1)(p−1)/2ppcp−1

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Theorem 6.2. Suppose that L = Q(ζp2). Let x ∈ OL, NrL/Q(x) = ±pl1ql2 ,
l1 ≥ 0, l2 > 0, q 6= p is a prime whih splits ompletely in L, I2(x) = P l2 , where P
is a prime ideal of OK , p does not divide l2.
1. Let b = b(x) = Φ(NrL/K(x)) and let F (α)/Q be the Hp3-extension onstruted
as in Theorem 4.1. Then Ram(F (α)/Q) = {p, q}.
2. Let b = b(x) = Φ(ζpNrL/K(x)) and let F (α)/Q be the Cp2 ⋊ Cp-extension
onstruted as in Theorem 4.2, where a = ζp. Then Ram(F (α)/Q) = {p, q}.
Proof. We prove only ase 1. The proof for the other group is similar (sine we
hoose the radial
p
√
a in Theorem 4.2 to be a unit in OL).
By Kroneker-Weber Theorem, Ram(F (α)/Q) ≥ 2. Also, p ∈ Ram(F (α)/Q)
beause p is ramied in F . Let q′ 6= p be a rational prime whih is ramied in
F (α). We shell see that q′ = q. Let P ′ be a prime in L lying above q′. P ′ is
ramied in M = L( p
√
ω, p
√
b), where
ω = Φ(β), β = xp−1σ¯xp−2 . . . σ¯p−2x.
If P ′ is ramied in L( p
√
b) then apply Lemma 6.1 with k = L, c = b and onlude
that P ′ divides OLb. Sine b is a produt of onjugates of x it follows that P ′ is
above q, so q′ = q. Assume that P ′ is unramied in L( p
√
b). Let Q′ be a prime in
L( p
√
b) lying above P ′. So Q′ is ramied in M . Apply Lemma 6.1 with k = L( p
√
b),
c = ω and onlude that Q′ divides OL( p√b)ω. But ω is also a produt of onjugates
of x. Hene q′ = q. 
In Partiular:
Corollary 6.3. For every odd prime p, any non-abelian group of order p3 an be
realized as a Galois group over Q with exatly two ramied primes.
Remark 6.4. Any subeld of the non-abelian p3-extensions F (α)/Q in Theorem
6.2 does not admit Sholz onditions.
Example 6.5. L = Q(ζ9), K = Q(ζ3). L/K is a C3-extension generated by
σ¯ : ζ9 7→ ζ49 . F/Q  The C3-extension inside L. Gal(L/F ) (∼= Gal(K/Q)) generated
by τ¯ : ζ9 7→ ζ−19 . x = ζ9 + 2. NrL/Q(x) = 19, and 19 splits ompletely in L. In
the denition of Φ, we take e = 2 (and not e = −1 as in setion 5). ω = Φ(x2σ¯x).
F (α)/Q is an H27-extension, where α = 3
√
w + β−1 3
√
ω
2
, β = x2σ¯x. By Theorem
6.2, Ram(F (α)/Q) = {3, 19}. The minimal polynomial of α over Q is
Irr(α;Q) = X9
−34 · 13 ·X7
−35 · 5 · 59 ·X6
+35 · 19 · 47 ·X5
+2 · 38 · 11 · 19 ·X4
+22 · 35 · 19 · 139 ·X3
−37 · 5 · 193 ·X2
−38 · 7 · 193 ·X
−36 · 193 · 73
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